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Abstract The mixed convection flow near an axisymmetric stagnation point on a vertical cylinder is considered.
The equations for the fluid flow and temperature fields reduce to similarity form that involves a Reynolds number
R and a mixed convection parameter λ, as well as the Prandtl number σ . Numerical solutions are obtained for rep-
resentative values of these parameters, which show the existence of a critical value λc = λc(R, σ ) for the existence
of solutions in the opposing (λ < 0) case. The variation of λc with R is considered. In the aiding (λ > 0) case
solutions are possible for all λ and the asymptotic limit λ → ∞ is obtained. The limits of large and small R are
also treated and the nature of the solution in the asymptotic limit of large Prandtl number is briefly discussed.

Keywords Asymptotic solutions · Axisymmetric stagnation flow · Boundary layers · Dual solutions ·
Mixed convection

1 Introduction

Combined forced- and free-convection flows (mixed convection) are encountered in many technological and indus-
trial applications including solar receivers exposed to wind currents, electronic devices cooled by fans, nuclear
reactors cooled during emergency shutdown, heat exchanges placed in a low-velocity environment and many more.
Two-dimensional stagnation-point flows arise in the vicinity of a stagnation line resulting from a two-dimensional
flow impinging on a curved surface at right angles to it and thereafter flowing symmetrically about the stagna-
tion line. Hiemenz [1] was the first to study two-dimensional stagnation-point flows. Later Eckert [2] and Gorla
[3] considered the corresponding forced-convection heat-transfer problem. Three-dimensional stagnation-point
flows have been studied by Homann [4] and Smith [5] and the axisymmetric stagnation-point flow on a circular
cylinder by Wang [6] and Gorla [7]. The three-dimensional flow resulting from an axisymmetric stagnation flow

C. Revnic
Tiberiu Popoviciu Mathematical Institute, P.O. Box 68-1, 400110 Cluj, Romania

T. Grosan · I. Pop
Applied Mathematics, Babes-Bolyai University, CP 253, 3400 Cluj, Romania

J. Merkin (B)
Department of Applied Mathematics, University of Leeds, Leeds LS2 9JT, UK
e-mail: amtjhm@maths.leeds.ac.uk

123



2 C. Revnic et al.

impinging obliquely on a body surface has been treated by Weidman and Putkaradze [8]. The problem of
axisymmetric stagnation-point flow acting on a porous flat plate oscillating transversely in its own plane has been
investigated by Weidman and Mahalingam [9]. In this case a three-dimensional flow results from a stagnation-point
flow on a flat plate oscillating in its own plane. Gorla [10] has studied the unsteady viscous flow in the vicinity of
an axisymmetric stagnation point on a circular cylinder.

The steady mixed convection flow near the stagnation region of a vertical flat plate has been studied by
Ramachandran et al. [11] and by Gorla [12] for the flow near an axisymmetric stagnation point on a slender
impermeable vertical cylinder. Mixed convection flows arise when the buoyancy forces resulting from temperature
differences within the flow become comparable to the pressure gradient forces arising from the forced flow. As a
consequence, both the flow and thermal fields are significantly affected by the buoyancy forces. The study of thick
axisymmetric free-convection boundary layers along slender bodies has been shown by Kuiken [13] to have an
unusual structure at large distances along the cylinder. When the boundary-layer variables are scaled so as to be
of order unity within the boundary layer, the boundary conditions that hold on the surface of the slender body are
given at a value of the independent variable which is close to zero. As a result, when a perturbation analysis is used
to obtain the solution at large distances along the cylinder, the body is reduced to a line at the first approximation.

Several papers have been published previously on axisymmetric mixed convection boundary-layer flows along
slender bodies. Naraian and Uberoi [14,15] and Chen [16] have studied the mixed convection boundary layer on a
vertical needle. These are bodies of revolution whose diameter is of the same order as the thickness of the velocity
or thermal boundary layers that develop on it. By appropriately varying the radius of the needle, the boundary-layer
equations admit similarity solutions. Wang [17] found a similarity solution for the mixed convection boundary layer
on an adiabatic vertical needle with a heat source at the tip, a situation that arises, for example, for a stick burning
at its lower end.

The present paper considers the steady mixed convection flow that develops near an axisymmetric stagnation
point on a vertical isothermal cylinder in the case when the boundary layer is thick compared to the radius of
the cylinder. We start by describing the governing equations, following closely [9,12] for the forced-convection
problem. This results in two ordinary differential equations for the flow and temperature fields that involve, as well
as the Prandtl number σ , the two further parameters R, which is measure of the forced flow, and a mixed convection
parameter λ. We consider both aiding flows (when the outer flow and the buoyancy forces are in the same direction,
λ > 0) and opposing flows (when the outer flow and the buoyancy forces act in opposite directions, λ < 0). We
start by giving numerical solutions to these equations for representative values of λ and R, finding dual solutions for
negative λ with critical points λc < 0, requiring λ ≥ λc for the existence of a solution. We determine how λc varies
with R, before considering the asymptotic limits of λ → ∞ (free-convection limit) and R → ∞ and R → 0.

2 Equations

We consider the steady mixed convection flow near an axisymmetric stagnation point on an infinite cylinder. The
cylinder is taken as mounted vertically and the flow is assumed to be axisymmetric about the x-axis, which measures
distance along the cylinder in a vertical direction with gravity acting in the negative x-direction. The stagnation point
is at x = 0, r = a, where r measures distance radially from the centre of the cylinder of radius a. The ambient
fluid has a constant temperature T∞ and the cylinder is maintained at a temperature Tw(x) = T0 (x/a) + T∞.
Having Tw > T∞ corresponds to assisting flow, with Tw < T∞ corresponding to opposing flow. The outer flow in
this situation, taken directly from [12], is

u = −
(

U∞
a

) (
r − a2

r

)
, v = 2U∞

( x

a

)
, (1)

where U∞ is the planar flow at large distances from the cylinder and where u and v are the velocity components in
the x and r directions, respectively.
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Fig. 1 Plots of (a) f ′′(1) and (b) θ ′(1) against λ for R = 1, 5, 10 obtained from the numerical solution of equations (3, 4) subject to
boundary conditions (5) for σ = 1

Again following [12], we introduce the variables

η =
( r

a

)2
, u = −U∞η−1/2 f (η), v = 2U∞

( x

a

)
f ′(η), θ(η) = T − T∞

Tw − T∞
, (2)

where T is the temperature of the fluid. Applying (2) in the governing equations and making the standard Boussinesq
approximation, we find that our flow is described by the similarity equations, again from [12],

η f ′′′ + f ′′ + R( f f ′′ + 1 − f ′ 2) + λθ = 0, (3)

ηθ ′′ + θ ′ + σ R( f θ ′ − f ′ θ) = 0, (4)

subject to the boundary conditions, from (1), that

f (1) = 0, f ′(1) = 0, θ(1) = 1, f ′ → 1, θ → 0 as η → ∞, (5)

(primes denote differentiation with respect to η) where σ is the Prandtl number and where

R = U∞a

2ν
, λ = gβa2T0

8U∞ν
(6)

are, respectively, a Reynolds number and a mixed convection parameter, with λ > 0 corresponding to assisting flow
and λ < 0 corresponding to opposing flow. In (6) ν is the kinematic viscosity of the fluid, g the acceleration due to
gravity and β the coefficient of thermal expansion.

The parameters perhaps of most physical interest are the skin friction parameter C f and the Nusselt number Nu,
defined as

C f = τw

ρU 2∞
, Nu = aqw

k(Tw − T∞)
where τw = µ

(
∂v

∂r

)
r=a

, qw = −k

(
∂T

∂r

)
r=a

, (7)

and where µ and k are the dynamic viscosity and thermal conductivity, respectively. From (2), we have that

C f = 2
( x

a

)
f ′′(1), Nu = −2θ ′(1). (8)

The problem given by (3–5) has been considered previously by Gorla [12] who presented a range of numerical
results for both aiding and opposing flows. The results given by [12] are only for a specific value of R, namely
R = 100, with critical points giving a finite range of existence for opposing flows not being identified in [12]. We
start by first describing our numerical solutions to Eqs. (3) and (4) subject to boundary conditions (5) for a range
of values of λ and R, thus adding to the numerical treatment given by Gorla [12]. Throughout we assume that the
Prandtl number σ is of O(1), our numerical results are all for the case when σ = 1.
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Fig. 2 Plots of (a) f ′′(1) and (b) θ ′(1) against R for λ = 1, −2 obtained from the numerical solution of equations (3, 4) subject to
boundary conditions (5) for σ = 1

Fig. 3 A plot of the critical
value λc of λ against R (for
σ = 1). The region in the
(λ, R) parameter plane
where solutions exist is
labelled on the figure
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3 Numerical results

Equations (3) and (4) subject to boundary conditions (5) were solved numerically using a standard shooting method
for solving boundary-value problems (D02AGF in the NAG library). In Fig. 1 we plot f ′′(1) and θ ′(1) against λ for
R = 1, 5, 10 (with σ = 1). This figure shows that, for λ < 0, there is a critical value λc with solutions possible only
for 0 > λ ≥ λc and for λ > λc there are dual solutions. The value of λc decreases as R is increased, thus giving
a greater range of negative λ for possible solutions. For λ > 0 there is only one solution with the values of f ′′(1)

increasing and θ ′(1) decreasing as λ is increased (for a given value of R). For the larger values of λ, the values of
f ′′(1) for R = 1 becomes greater than those for the larger values of R (= 5, 10), indicating that, for sufficiently
large values of λ, f ′′(1) increases as R is decreased. However, the values of −θ ′(1) increase as R is increased (for
a given value of λ).

In Fig. 2 we take values for λ (λ = 1, −2) representative respectively of aiding and opposing mixed convection
and plot the corresponding values of f ′′(1) and θ ′(1) against R. We see that in both cases θ ′(1) decreases as R is
increased. However, for λ = 1, f ′′(1) has a minimum value, of f ′′(1) = 1.6648 at R = 0.272, before increasing
again for the larger values of R. For λ = −2 there is a critical value Rc of R (Rc � 0.622) below which there are
no solutions, as might be expected from Fig. 1.

3.1 Critical points

We saw in Fig. 1 the existence of a critical value λc of λ, requring λ ≥ λc for a solution to exist. We can calculate
how λc varies with R using the appproach described in [18,19]. Essentially we perturb about the solution given by
(3, 4) to obtain a linear homogeneous problem. It is then the existence of a nontrivial solution to this homogeneous
problem that determines λc for a given value of R (and σ ). In Fig. 3 we plot λc against R, with the figure showing
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Mixed convection flow 5

that λc decreases as R is increased, seemingly in a linear manner for the larger values of R, and increases towards
zero as R is reduced. The region in the (λ, R) parameter space where solutions exist is labelled on this figure.

Our numerical solutions suggest that considering various limiting forms would give some further insights into
the nature of the solution. We now discuss these in more detail, starting with the free-convection limit, λ → ∞.

4 Asymptotic results

4.1 λ large

To obtain a solution valid for λ large we start by putting

f = λ1/4 F, ζ = λ1/4(η − 1), (9)

leaving θ unscaled. This results in the equations

(1 + λ−1/4ζ )F ′′′ + λ−1/4 F ′′ + R(F F ′′ − F ′2) + λ−1 R + θ = 0, (10)

(1 + λ−1/4ζ )θ ′′ + λ−1/4θ ′ + σ R(Fθ ′ − F ′θ) = 0, (11)

where primes now denote differentiation with respect to ζ , subject to the boundary conditions

F(0) = 0, F ′(0) = 0, θ(0) = 1, F ′ → λ−1/2, θ → 0 as ζ → ∞. (12)

Equations (10, 11) suggest looking for a solution by expanding

F = F0 + λ−1/4 F1 + · · · , θ = θ0 + λ−1/4θ1 + · · · (13)

We can scale the leading-order problem obtained by substituting expansion (13) in (10, 11) by putting

F0 = R−3/4 F0, ζ = R1/4ζ. (14)

This results in

F
′′′
0 + F0 F

′′
0 − F

′2
0 + θ0 = 0, (15)

θ ′′
0 + σ(F0θ

′
0 − F

′
0θ0) = 0, (16)

subject to

F0(0) = 0, F
′
0(0) = 0, θ0(0) = 1, F

′
0 → 0, θ0 → 0 as ζ → ∞, (17)

where primes now denote differentiation with respect to ζ . A numerical solution of (15–17) gives, for σ = 1,
F

′′
0(0) = 0.73950, θ ′

0(0) = −0.59509.
We can continue to the next order by first rescaling

F1 = R−1 F1, θ1 = R−1/4 θ1. (18)

This gives, with (14),

F
′′′
1 + F0 F

′′
1 + F1 F

′′
0 − 2F

′
0 F

′
1 + θ1 = −(F

′′
0 + ζ F

′′′
0 ), (19)

θ
′′
1 + σ(F0θ

′
1 + F1θ

′
0 − F

′
0θ1 − F

′
1θ0) = −(θ ′

0 + ζ θ ′′
0 ), (20)

subject to

F1(0) = 0, F
′
1(0) = 0, θ1(0) = 0, F

′
1 → 0, θ1 → 0 as ζ → ∞. (21)

A numerical solution gives, again for σ = 1, that F
′′
1(0) = 0.06888, θ

′
1(0) = −0.23452.
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Fig. 4 Plots of (λ3/R)−1/4 f ′′(1) and −(λR)−1/4θ ′(1) obtained from the numerical solution of Eqs. (3, 4) against λ for R = 1, 10 and
σ = 1

From (9, 14) and (18) we have(
d2 f

dη2

)
η=1

∼
(

λ3

R

)1/4 (
0.7395 + 0.0689(Rλ)−1/4 + · · ·

)
,

(
dθ

dη

)
η=1

∼ − (Rλ)1/4
(

0.5951 + 0.2345(Rλ)−1/4 + · · ·
)

as λ → ∞.

(22)

Expressions (22) show that, for sufficiently large values of λ, −θ ′(1) increases as R is increased and that f ′′(1)

decreases as R is increased, in line with Fig. 1. In Fig. 4 we plot the values of (λ3/R)−1/4 f ′′(1) and −(λR)−1/4θ ′(1)

obtained from the numerical solution of (3, 4) against λ for R = 1, 10. In both cases the asymptotic limit for λ large
given by (22) is approached as λ increases, though more slowly for R = 10 than for R = 1 as might be expected
from (22).

4.2 R large

To obtain a solution for R large, we follow the approach given in [8] for the forced-convection case and start by
writing

f = R−1/2φ, ξ = R1/2(η − 1) (23)

and leaving θ unscaled. This results in the equations

(1 + R−1/2ξ)φ′′′ + R−1/2φ′′ + 1 + φφ′′ − φ′2 + λR−1θ = 0, (24)

(1 + R−1/2ξ)θ ′′ + R−1/2θ ′ + σ(φθ ′ − φ′θ) = 0, (25)

subject to the boundary conditions given in (5) and where primes now denote differentiation with respect to ξ . Equa-
tions (24, 25) suggest an expansion in powers of R−1/2, the leading-order term just being the forced-convection
limit discussed in [8].

For convection to have an effect at leading order we require λ to be large, specifically of O(R). This leads us to put

λ = µ R with µ of O(1). (26)

The problem for the leading-order terms φ0, θ0 is now

φ′′′
0 + 1 + φ0φ

′′
0 − φ′2

0 + µθ0 = 0, (27)

θ ′′
0 + σ(φ0θ

′
0 − φ′

0θ0) = 0, (28)

still subject to the boundary conditions that
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Fig. 6 A plot of λc R−1
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line
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φ0(0) = 0, φ′
0(0) = 0, θ0(0) = 1, φ′

0 → 1, θ0 → 0 as ξ → ∞. (29)

Equations (27–29) have to solved numerically and graphs of φ′′
0 (0) and θ ′

0(0) for σ = 1 plotted against µ are shown
in Fig. 5. From these figures we see that there is a critical value µc of µ with dual solutions for 0 > µ > µc and no
solutions for µ < µc. For σ = 1, we find that µc = −2.3618, giving

λc ∼ −2.3618R + · · · as R → ∞. (30)

For µ > 0 there is only one solution with both φ′′
0 (0) and −θ ′

0(0) increasing as µ is increased.
Expression (30) shows a linear increase in |λc| with R, as noted previously about Fig. 3, and to confirm this

asymptotic behaviour we plot the values of λc R−1 obtained from our numerical integrations to find λc against R in
Fig. 6. The numerically determined values approach this asymptotic limit (shown by the broken line), though only
slowly as R is increased, suggesting that the O(R−1/2) correction has a significant effect even at moderately large
values of R.

For µ large we can recover expressions (22) by putting

φ0 = µ1/4 φ0, ξ = µ1/4 ξ. (31)

When (31) is substituted in equations (27–29) and then µ → ∞, we obtain equations (15–17) and, on using (26),
the leading-order terms in (22).

4.3 R small

The behaviour of the solution for R small depends on whether λ is small or of O(1). We start with the latter case,
assuming that λ > 0.
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4.3.1 λ of O(1)

For this case we start in an inner region where η is of O(1) and scale

f = A(R) g, θ = 1 + B(R) h. (32)

The scaling factors A and B are to be determined, though we assume that

A(R) � 1, B(R) � 1,
R A

B
� 1, AR � 1. (33)

When (32) is substituted in (3, 4) and (33) is taken, the leading-order terms g0, h0 are given by, on satisfying the
boundary condtions on η = 1,

g0 = a0(η log η − η + 1), h0 = b0 log η (34)

for constants a0, b0 to be determined. Before continuing the solution in the inner region, we next consider the outer
region.

For the outer region we write

f = R−1G, θ = β2

R
H, Y = βη, where β = β(R) � 1,

R

β
� 1 (35)

with the scaling factor β(R) also to be determined. When (35) is substituted in (3, 4) and the assumptions for β

given in (35) applied, we find that the leading-order problem in the outer region is

Y G ′′′ + G ′′ + GG ′′ − G ′2 + λH = 0, Y H ′′ + H ′ + σ(G H ′ − G ′ H) = 0, (36)

subject to the outer boundary conditions at leading order that

G ′ → 0, H → 0 as Y → ∞. (37)

To find the inner boundary conditions for (36) we need to match with the inner region.
We can express the inner solution (34) as, on using (35),

f ∼ A(R)
β

a0Y [log Y + (− log β) − 1] + · · · ,

θ ∼ [1 + b0 B(R)(− log β)] + b0 B(R) log Y + · · · .
(38)

From (38) we choose

A(R) = β

R(− log β)
, B(R) = 1

(− log β)
= β2

R
, b0 = −1. (39)

Hence β(R) is given implicitly by

β2(− log β) = R, with β ∼
√

2 R1/2

(− log R)1/2 + · · · as R → 0. (40)

We note that (39, 40) are consistent with the assumptions in (33) and (35). Expressions (38) then give, at leading
order,

G ∼ a0Y + · · · , H ∼ − log Y + · · · as Y → 0. (41)

To get higher order terms in (41) we need to consider the inner region again. On using (39) we see that an
expansion of the form

g = g0 + g1

(− log β)
+ · · · + O(β), h = h0 + h1

(− log β)
+ · · · + O(β) (42)

is required, where the O(β) terms in (42) also include terms in

β(− log β)2, β(− log β), β(− log β)−1
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and h1 = b1 log η for some constant b1. When (42) is substituted in (3, 4) and using (32, 35) we find, after some
calculation, that the inner boundary condition (41) for the outer region becomes modified to

G ∼ a0Y + λ

2
Y 2 log Y + 1

2

(
a2

0 − 5λ

2
− λb1

)
Y 2 + · · · ,

H ∼ − log Y + b1 − σa0Y log Y + σa0(b1 + 2)Y + · · · as Y → 0.

(43)

We can remove the parameter λ from this problem by writing Y = λ1/2Y and then the problem in the outer
region becomes

Y G ′′′ + G ′′ + GG ′′ − G ′2 + H = 0, Y H ′′ + H ′ + σ(G H ′ − G ′H) = 0, (44)

subject to the conditions that

G ′ → 0, H → 0 as Y → ∞ (45)

and

G ∼ a0Y + Y
2

2
log Y + 1

2

(
a2

0 − 5

2
− b1

)
Y

2 + · · · ,

H ∼ − log Y + b1 − σa0Y log Y + σa0(b1 + 2)Y + · · · as Y → 0,

(46)

where a0 = λ−1/2a0 and b1 = b1 + 1
2 log λ.

The problem given by (44–46) has to be solved numerically to determine the constants a0 and b1 and we find,
for σ = 1, that a0 = 1.0016, b1 = −1.2396. This then gives for small R and σ = 1,(

d2 f

dη2

)
η=1

= 1

β(− log β)2 (1.0016λ1/2 + · · · ),
(

dθ

dη

)
η=1

= − 1

(− log β)

(
1 + 1.2396 + 1

2 log λ

(− log β)
+ · · ·

)
,

(47)

with β given in terms of R by (40). Equations (3, 4) were solved numerically with λ = 1 for small values of R. The
solution domain increases as R is decreased, in line with (35), and the outer boundary condition had to be applied at
increasingly larger values of η = η∞ as R was decreased, the results shown in Fig. 7 were obtained using η∞ = 250.
In Fig. 7 we give plots of f ′′(1) and θ ′(1) against R obtained from our numerical integrations, the values obtained
from (47) are shown by broken lines. The agreement with the asymptotic forms for small R is not particularly good,
though both solutions are following the same trend. This difference can, perhaps, be explained by the fact that the
approach to the asymptotic forms (47) is only very slow, with correction terms of (− log β)−1 ∼ (− log R)−1 and
hence R has to be extremely small for these correction terms to have only a small effect. In practice we probably
require values of R too small for obtaining reasonably accurate numerical solutions. At these very small values
of R, η∞ needs to be extremely large leading to errors in the shooting method employed to solve the two-point
boundary-value problem.

4.3.2 λ small

We can see, particularly from (36, 37), that, when λ is of O(1), the flow is driven at leading order only by the
natural-convection effects. The forced flow enters the solution at higher order. However, when λ is small, this
cannot be the case and to get an estimate on λ when the forced-convection effects have an influence at leading order,
we see from (35) that the buoyancy term included in equation (36) is of O(λβ2 R−1) whereas the forced-convection
term is of O(R). This suggests, on using (40), that these two effects will be comparable when λ ∼ R(− log R) and
leads us to put

λ = R(− log R) ν with ν of O(1) for R small. (48)
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Fig. 7 Plots of (a) f ′′(1) and (b) θ ′(1) against R for λ = 1, σ = 1 for small R obtained from the numerical solution of Eqs. (3, 4)
subject to boundary conditions (5). The asymptotic expressions (47) are shown by the broken lines

We start our solution for this case in the inner region where we have at leading order, motivated by our previous
solution for λ of O(1),

f ∼ 1

(− log R)
c0(η log η − η + 1) + · · · , θ ∼ 1 + 1

(− log R)

(
− log η + d1

(− log R)
log η + · · ·

)
(49)

for constants c0 and d1 to be determined. For the outer region we now put

f = 1

R
G, θ = 1

(− log R)
H, Y = R η. (50)

Applying (50) in (3, 4) gives, at leading order,

Y G ′′′ + G ′′ + 1 + GG ′′ − G ′2 + νH = 0, Y H ′′ + H ′ + σ(G H ′ − G ′ H) = 0, (51)

now subject to the outer boundary conditions

G ′ → 1, H → 0 as Y → ∞ (52)

and, on matching with the inner region,

G ∼ c0Y + · · · , H ∼ − log Y + d1 + · · · as Y → 0. (53)

We note that ν cannot be scaled out of problem (51–53) (as it could previously) and that, for ν = 0 (forced-convection
limit)

c0 = 1, G = Y, H = −e−σY log(σY )

(1 + σY )
+ (1 + σY )

∞∫
σY

e−v(3 + v) log v

(1 + v)3 dv, (54)

giving

d1 =
∞∫

0

e−v(3 + v) log v

(1 + v)3 dv − log σ = −1.4448 − log σ.

Plots of c0 against ν obtained by solving (51–53) numerically are given in Fig. 8. This figure shows that there is
a critical value νc of ν, with νc = −0.9832 for σ = 1, and dual solutions for 0 > ν > νc. This gives

λc ∼ −0.9832R(− log R) + · · · as R → 0. (55)

For ν > 0 there is only one solution and the problem given by (44–46) can be recovered for ν large by putting
Y = ν1/2Y in (51–53) and letting ν → ∞.
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Fig. 8 A plot of c0 against ν, defined in (48), for
σ = 1 arising in the small R, small λ problem (51–
53)
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Fig. 9 Plots of θ ′(1) against λ for R = 1 and σ = 1, 10 obtained
from the numerical solution of Eqs. (3, 4) subject to boundary
conditions (5)

5 Solution for σ large

Our previous numerical results were for the case σ = 1 and we expect qualitatively similar behaviour when σ is of
O(1), typical of gases. For liquids (water) σ is somewhat larger and it is thus worth briefly considering the large σ

limit. Following the treatment in [20,21] we expect that, for σ large, the solution to involve a relatively thin thermal
inner layer and a thicker outer viscous flow region. In the inner region we have

η = 1 + σ−1/3τ, f = σ−2/3
 (56)

with θ left unscaled. At leading order, for σ large, we obtain


′′′ = 0, θ ′′ + R(
θ ′ − 
′θ) = 0, (57)

subject to


(0) = 0, 
′(0) = 0, θ(0) = 1, θ → 0 as τ → ∞, (58)

with the outer condition on 
 relaxed at this stage and where primes denote differentiation with respect to τ .
Equations (57, 58) give


 = A0τ
2 (59)

for some constant A0 = A0(R) to be determined and

θ =
( 2

3

)!
3
( 1

3

)! e−s U

(
4

3
; 2

3
; s

)
where s = 1

3
(R A0)τ

3 (60)

in terms of confluent hypergeometric functions [22]. Expressions (56) and (60) give
(

dθ

dη

)
η=1

= −σ 1/3(R A0)
1/3 32/3

( 2
3

)!2
2

( 1
3

)!2 + · · · as σ → ∞. (61)

Expression (61) shows that the heat transfer increases as σ is increased, being of O(σ 1/3) for σ large.
To determine the constant A0 we need to consider the outer region, in which we can neglect the temperature and

write η = 1 + η. This leads to

(1 + η) f ′′′ + f ′′ + R(1 + f f ′′ − f ′2) = 0 (62)

and, on matching with the inner region, that

f ∼ A0η
2 + · · · as η → 0, f ′ → 0 as η → ∞. (63)
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Fig. 10 A plot of the
critical value λc of λ against
σ for R = 1. The region in
the (λ, σ ) parameter plane
where solutions exist is
labelled on the figure
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Equations (62, 63) are essentially the forced-convection limit with the solution given by [8]. Their solution then

gives A0 in terms of R. For R large [8] show that A0 ∼ 0.6163 R1/2 + · · · , giving

(
dθ

dη

)
η=1

of O(R1/2σ 1/3) for

R and σ large.
The leading-order problem (57, 58, 62, 63) for σ large does not give a critical value for λ. In fact, the solution is

independent of λ at leading order, with the buoyancy forces arising at O(σ−1/3) in the inner region. This suggests
that the critical value λc will, for a given value of R, decrease to large negative values as σ is increased. We illustrate
this in Fig. 9 with a plot of θ ′(1) against λ for R = 1 and σ = 10 to compare with the results for σ = 1. This figure
clearly shows that the critical values λc has decreased for σ = 10 over that for σ = 1, giving a greater range of λ

for solutions in the opposing case. The values of θ ′(1) have, for a given λ, also decreased for σ = 10, in line with
expression (61). In Fig. 10 we plot λc against σ again for R = 1, showing that λc decreases relatively slowly as σ

is increased, as can be expected from the above analysis for the large λ case.

6 Conclusions

We have considered the mixed convection boundary-layer flow around an axisymmetric stagnation point. The
equations for the flow and temperature fields reduce to similarity form (3–5) and involve the three parameters, the
Prandtl number σ , a Reynolds number R and a mixed convection parameter λ, as defined in (6). The similarity
equations were solved numerically for representative values of the parameters R and λ; see Figs. 1 and 2. The main
conclusions from these numerical integrations were that, for λ < 0 (opposing flow), there was a critical value λc

of λ at which there was a saddle-node bifurcation with dual solutions for λc < λ < 0 and no solutions for λ < λc.
For λ ≥ 0 (aiding flow) there was a single solution for all λ. An asymptotic solution for λ large was derived, with
the results summarized in (22).

The occurrence of dual solutions for opposing flows is not unexpected and is consistent with many previous
studies of similarity solutions in mixed convection, see [18,19,23] for example. The critical value λc was seen to
depend on R (and on σ ), see Fig. 3. The possibilities of solutions having only a limited range of existence and the
existence of dual solutions for opposing flows was not noticed by Gorla [12]. The reason for this is that the results in
[12] were all for R = 100 and our study suggests that the value of λc for this value of R is quite large, well beyond
the values for the mixed convection parameter taken in [12]. A solution for R large was obtained which showed
that λc is of O(R) in this case, as given in (30) for σ = 1. Thus for strong external flows (large R) boundary-layer
flows are still possible even when there are strongly opposing buoyancy forces. For R small the flow was seen to be
driven predominantly by the buoyancy forces when λ is of O(1), as summarized in (47). However, for λ small both
buoyancy and the external flow have comparable effects, giving a critical value of O(R(− log R)) for R small, as
given by (55) for σ = 1. The effect of weak external flows is then to severely limit the range of λ where there can
be opposing flows.
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The effect of having large values for the Prandtl number σ is to confine the thermal effects to a thin layer, of
thickness O(σ−1/3), next to the cylinder with the outer flow being essentially given by forced convection. A con-
sequence of this is, for opposing flows, to decrease λc to large negative values, with solutions then being possible
for a large range of the mixed convection parameter.

Acknowledgements CR was supported by the CEEX grant No 2-CEx06-11-96/2006. JM and IP were both supported by a Royal
Society (London) Joint Project Grant.
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